Dilation invariant Banach limits by Semenov, Evgenii et al.
ar
X
iv
:1
91
0.
10
89
9v
1 
 [m
ath
.FA
]  
24
 O
ct 
20
19
Dilation invariant Banach limits
E. Semenov, F. Sukochev, A. Usachev 1, D. Zanin
Abstract
We study two subclasses of Banach limits: the one consisting of Banach limits which
are invariant with respect of the Cesa`ro operator and another one consists of Banach
limits which are invariant with respect to all dilations. We prove that the first is a proper
subset of the second. We also show that these classes are at the maximal distance from
the set extB of all extreme points of the set of all Banach limits.
Keywords: Banach limits, Cesa`ro operator, dilation operator, extreme points.
To the memory of W. A. J. Luxemburg.
1 Introduction and Preliminaries
Throughout the paper we denote by ℓ∞ the space of all bounded sequences x = (x1, x2, . . .)
equipped with the norm
‖x‖l∞ = sup
n∈N
|xn|,
and the usual partial order. Here N stands for the set of natural numbers.
Definition 1. A linear functional B ∈ ℓ∗∞ is said to be a Banach limit if
1. B > 0, that is Bx > 0 for every x > 0,
2. B1I = 1, where 1I = (1, 1, . . .),
3. B(Tx) = B(x) for every x ∈ ℓ∞, where T is a translation operator, that is
T (x1, x2, . . .) = (0, x1, x2, x3, . . .).
The existence of Banach limits was established by S. Mazur and then appeared in the
book of S. Banach [4]. Since then Banach limits were proved to be a useful tool in functional
analysis. Recent developments in the theory of operator ideals and singular traces [7, 5, 6, 17]
reformulated important and difficult problems in these areas in terms of Banach limits.
We denote the set of all Banach limits by B. It is easy to see that B is a closed convex set
on the unit sphere of ℓ∗∞. Hence, ‖B1 − B2‖ℓ∗∞ 6 2 for every B1, B2 ∈ B. It follows directly
from the definition of Banach limits that
lim inf
n→∞
xn 6 Bx 6 lim sup
n→∞
xn
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for every x ∈ ℓ∞, B ∈ B. In particular, Bx = lim
n→∞
xn for every convergent sequence x ∈ ℓ∞.
Following G. G. Lorentz [10], we call a sequence x ∈ ℓ∞ almost convergent to a number
a ∈ R, if B(x) = a for every B ∈ B.
We denote the set of all almost convergent sequences (resp., sequences almost convergent
to zero) by ac (resp., ac0). The following criterion for almost convergence was proved by
Lorentz [10].
Theorem 2. A sequence x is almost convergent to a if and only if
lim
n→∞
1
n
m+n∑
k=m+1
xk = a
uniformly in m ∈ N.
It is easy to see that Banach limits are not multiplicative functionals on ℓ∞. Indeed, for
the sequence x = (1, 0, 1, 0, ...) we have x+ Tx = 1I and B(x) = 1/2. Hence,
0 = B(x · Tx) 6= B(x) ·B(Tx) =
1
4
.
This fact sets apart the set of all Banach limits and the set of all extreme points of the set of
all extended limits (or, states on the algebra ℓ∞), which coincides with the set of all bounded
multiplicative functionals (or, pure states) on this algebra. Moreover, the distance between
Banach limits and the bounded multiplicative functionals is 2. Indeed, for every multiplicative
functional γ on ℓ∞ and every x ∈ {0, 1}
N (the set of all sequences of zeroes and ones) we have
γ(x) = γ(x2) = (γ(x))2. Thus, γ(x) is either 0 or 1. Fix j ∈ N and take x = χjN ∈ {0, 1}
N.
Since
∑j−1
i=0 T
ix = 1I, if follows that γ(T ix) = 1 for some 0 ≤ i ≤ j − 1. On the other hand,
the sequence x is almost convergent and Bx = 1/j for every Banach limit B. Thus,
‖γ − B‖ℓ∗
∞
≥ (γ − B)(2T ix− 1I) = 2(1−
1
j
).
Taking j →∞, proves the claim.
However, some Banach limits are multiplicative on some subspace of ℓ∞. More precisely,
in [11] W. A. J. Luxemburg proved that every extreme point of the set B is multiplicative on
the stabiliser of ac0 defined as follows:
Stac0 := {z ∈ ℓ∞ : z · ac0 ⊂ ac0}.
This set was further investigated in [1, 16, 2]. An analogue of this set for Banach limits with
additional invariance properties was introduced in [3]. The paper [11] is also interesting for
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its approach to study Banach limits via non-standard analysis. It is also worth to mention
the work [12] of W. A. J. Luxemburg and B. de Pagter, who introduced the notion of almost
convergent elements with respect to an abelian semigroup of Markov operators on AM-spaces.
The Lorentz’ result was strengthened by L. Sucheston [19] as follows:
Theorem 3. For every x ∈ ℓ∞ one has
{Bx : B ∈ B} = [q(x), p(x)],
where
q(x) = lim
n→∞
inf
m∈N
1
n
m+n∑
k=m+1
xk, p(x) = lim
n→∞
sup
m∈N
1
n
m+n∑
k=m+1
xk.
The first result concerning Banach limits with additional invariance properties is due to
W. Eberlein [8], who established the existence of Banach limits invariant under the Hausdorff
transformations. Eberlein’s approach was further developed in [15] to study Banach limits
invariant under an operator H ∈ Γ. Here, Γ stands for the set of all linear operators in ℓ∞,
which satisfy the following conditions:
(i) H ≥ 0 and H1I = 1I;
(ii) Hc0 ⊂ c0;
(iii) lim sup
j→∞
(A(I − T )x)j ≥ 0 for all x ∈ l∞, A ∈ R, where R = R(H) = conv{H
n, n ∈
N ∪ {0}}.
Denote by B(H) the set of all Banach limits invariant with respect to the operator H .
For every m ∈ N define a dilation operator σm : ℓ∞ → ℓ∞ as follows:
σm(x1, x2, . . .) = (x1, x1, . . . , x1︸ ︷︷ ︸
m
, x2, x2, . . . , x2︸ ︷︷ ︸
m
, . . .). (1)
Denote by C the Cesa`ro operator on ℓ∞ given by
(Cx)n =
1
n
n∑
k=1
xk, n ≥ 1.
It can be shown that C, σm ∈ Γ for every m ∈ N (see discussion after Theorem 8 in [2]
and [15]) and, so the sets B(σm) and B(C) are non-empty. The sets B(σm) were studied in
[6, 2, 18]. In the present paper we investigate the set ∩m≥2B(σm). We also discuss properties
of the set extB of all extreme points of the convex set B.
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2 Relation to Cesa`ro invariant Banach limits
It was shown in [18, Theorem 3] that for every m ∈ N the following inclusion holds
B(C) ⊂ B(σm). Hence,
B(C) ⊂
∞⋂
m=2
B(σm). (2)
In [3, Theorem 4.8] it was shown that the inclusion B(C) ⊂ B(σm) is also proper. In this
section we show that the inclusion (2) is proper.
Set Σ :=
⋂∞
m=2B(σm). For a given x ∈ ℓ∞ denote
B(C, x) = {B(x) : B ∈ B(C)} and B(Σ, x) = {B(x) : B ∈ Σ}.
Theorem 4. There exists B ∈ Σ such that B /∈ B(C).
Proof. It was proved in [2, Theorem 7] that:
B(Σ, x) =
[
sup
A∈R(Σ),s∈S
lim inf
j→∞
(A(x+ s))j , inf
A∈R(Σ),s∈S
lim sup
j→∞
(A(x+ s))j
]
, (3)
where S := (I − T )ℓ∞ and R(Σ) is a convex hull of all finite products of operators σm. Note
that for every n ∈ N and k1, ..., kn ∈ N we have σk1σk2 · · ·σkn = σk1k2···kn. Thus, R(Σ) is
nothing but conv{σn, n ∈ N}.
It is easy to see, that for every B ∈ B(C) and every x ∈ ℓ∞ such that limj→∞(Cx)j = 0
one has Bx = B(Cx) = 0.
Taking these facts into account, in order to prove the assertion it is sufficient to construct
x ∈ ℓ∞ such that
lim
j→∞
(Cx)j = 0 (4)
and
lim sup
j→∞
(A(x+ s))j = 1
for every A ∈ conv{σn, n ∈ N} and s ∈ S.
For a given n ∈ N denote Jn = [2
2n −n, 22
n
) and let Jn,k be a minimal by inclusion subset
of N such that σkJn,k ⊃ Jn for all 1 ≤ k ≤ n. Set In = ∪
n
k=1Jn,k. Since
|Jn,k| ≤
1
k
|Jn|+ 2 =
n
k
+ 2,
it follows that
|In| ≤
n∑
k=1
(
n
k
+ 2) = n
n∑
k=1
1
k
+ 2n < n(n+ 2)
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and (22
n−1
, 22
n
] ⊃ In for all n ∈ N. Consider the sequence
xm =

1, m ∈
⋃∞
k=1 Ik
0, otherwise.
If j ∈ (22
n−1
, 22
n
] for some n ∈ N, then
(Cx)j ≤ 2
−2n−1
n∑
k=1
|Ik| < 2
−2n−1
n∑
k=1
k(k + 2)
and, thus,
lim
j→∞
(Cx)j = 0.
Let now A ∈ conv{σn, 1 ≤ n ≤ m} for some m ∈ N and s = (I − T )y for some y ∈ ℓ∞.
We have ∣∣∣∣∣
k+r∑
i=k+1
si
∣∣∣∣∣ = |yk+1 − yk+r| ≤ 2‖y‖ℓ∞
for every k, r ∈ N. Hence, ∣∣∣∣∣
k+r∑
i=k+1
(σns)i
∣∣∣∣∣ ≤ 2n‖y‖ℓ∞ ≤ 2m‖y‖ℓ∞
for every n = 1, 2, . . . , m. Since A ∈ conv{σn, 1 ≤ n ≤ m}, it follows that∣∣∣∣∣
k+r∑
i=k+1
(As)i
∣∣∣∣∣ ≤ max1≤n≤m
∣∣∣∣∣
k+r∑
i=k+1
(σns)i
∣∣∣∣∣ ≤ 2m‖y‖ℓ∞
Therefore,
max
k<i≤k+r
(As)i ≥ −
2m‖y‖ℓ∞
r
for every k, r ∈ N. Since the above inequality holds for arbitrary large r, it follows that
max
k<i≤k+r
(As)i ≥ 0. (5)
By construction σkx|Jn = 1 for all 1 ≤ n ≤ m. Hence, Ax|Jn = 1. Next if n ≥ 4m‖y‖ℓ∞,
then by (5)
max
j∈Jn
(A(x+ s))j ≥ 1− 0 = 1.
This means that
inf
A∈R(Σ),s∈S
lim sup
j→∞
(A(x+ s))j ≥ 1.
The converse inequality is straightforward. This proves the assertion.
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3 Distance to extreme points
Denote by extB the set of extreme points ofB. Since B is compact in the weak∗ topology,
it follows from Krein-Milman theorem that
B = conv extB,
where the closure is taken in the weak∗ topology. The classical and recent studies of the set
of extreme points of B demonstrate that this set has very interesting properties [1, 11, 13,
14, 16, 21]. In particular, it was shown in [14] that a subspace generated by any countable
sequence in extB is isometric to l1 . Hence, ‖B1−B2‖ = 2 for every B1, B2 ∈ extB, B1 6= B2.
It was shown in [2, Theorem 14] that the sets B(σn), n ∈ N, n ≥ 2 and extB are on the
maximal distance from each other. This fact can be given in the stronger form (see Corollary
6 below). We need some preparations to state the result. The kernel N(I−T ∗) of an operator
I − T ∗ is a Riesz subspace in the Banach lattice ℓ∗∞ (see e.g., [1]). So, it is an AL-subspace
under the norm and the order induced from ℓ∗∞. Clearly, the positive part of the unit sphere
S+N(I−T ∗) coincide with the set B.
As an AL-space N(I − T ∗) is isometrically order isomorphic to the space L1(Ω) of all
functions integrable on some set Ω with a measure µ. The set Ω can be partitioned into
Ωd and Ωc such that the restriction of µ to Ωd is discrete and the restriction of µ to Ωc is
continuous. That is,
N(I − T ∗) ≈ L1(Ω) = L1(Ωd)⊕ L1(Ωc).
Atoms of Ωd correspond to extB. So, L1(Ωd) is isometrically isomorphic to the closure of
a hull of extB in the norm topology. In particular, the closure of conv(extB) in the norm
topology coincide with the positive part S+L1(Ωd) of a unit sphere of the space L1(Ωd). We refer
to [2] for more details.
DenoteBd := S
+
L1(Ωd)
andBc := S
+
L1(Ωc)
. Since components L1(Ωd) and L1(Ωc) are disjoint
in N(I − T ∗), it follows that ‖B1 − B2‖ℓ∗
∞
= 2 for every B1 ∈ Bd and B2 ∈ Bc.
Theorem 5. For every n ∈ N, n ≥ 2 one has B(σn) ⊂ Bc.
Proof. For B1 ∈ B(σn) and B2 ∈ extB consider the function
g(t) := ‖B1 − tB2‖ℓ∗
∞
, t ≥ 0.
It is easy to see that g is a convex function and g(t) ≤ 1 + t for all t ≥ 0. From [2, Theorem
14] we obtain that g(1) = 2. These three facts imply that g(t) = 1 + t for all t ≥ 0, that is
‖B1 − tB2‖ℓ∗
∞
= 1 + t ≥ 1, t ≥ 0. (6)
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Suppose to the contrary, that B(σn) is not a subset of Bc. Hence, there exist B3, B4 ∈
B(σn), Bi ∈ extB, 5 ≤ i ≤ M ≤ ∞ and numbers α4 ≥ 0, αi > 0 for all 5 ≤ i ≤ M ≤ ∞
such that
B3 =
M∑
i=4
αiBi and
M∑
i=4
αi = 1.
We have
‖B3 − α5B5‖ℓ∗
∞
= ‖
M∑
i=4
i 6=5
αiBi‖ℓ∗
∞
=
M∑
i=4
i 6=5
αi < 1,
which contradicts (6). Therefore, B(σn) ⊂ Bc.
Corollary 6. For every n ∈ N, n ≥ 2 and every B1 ∈ B(σn), B2 ∈ conv
nextB (the closure
is taken in the norm topology) one has ‖B1 − B2‖ℓ∞ = 2.
Proof. By Theorem 5, B(σn) ⊂ Bc. The assertion follows from the discussion above Theorem
5.
4 The special subclass of Banach limits
Let γ : ℓ∞ → C be an extended limit, that is a positive linear functional such that
γ(x) = limn→∞ xn for every convergent x ∈ ℓ∞. Consider the functional
Bx = log(2) · γ
(1
n
∑
k≥0
xk2
−k/n
)
, x ∈ ℓ∞.
It was proved in [20, Lemma 3.5] that for every extended limit γ the functional B is a Banach
limit. Denote the set of all such Banach limits by Bζ . These are exactly the Banach limits
which correspond (in the sense of A. Pietsch [17]) to the extended ζ-function residues (see
[20] and references therein).
Theorem 7. The set Bζ is disjoint with the set extB.
Proof. It was shown in the proof of Lemma 3.7 in [20] that every B ∈ Bζ can be written in
the form B = B1 ◦ C for some Banach limit B1. Since every Banach limit is an extended
limit, it follows that
lim inf
k→∞
xk ≤ B1x ≤ lim sup
k→∞
xk
for every x ∈ ℓ∞. Thus,
lim inf
k→∞
(Cx)k ≤ Bx ≤ lim sup
k→∞
(Cx)k
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for every x ∈ ℓ∞.
Consider the sequence
x =
∞∑
k=0
χ[4k,2·4k) ∈ ℓ∞.
It follows from [9, Proposition 2.4] that for every B ∈ ext B the value of Bx is either 0 or
1. Thus, it is sufficient to show that that 0 < Bx < 1.
Direct computations yield
Bx ≤ lim sup
n→∞
(Cx)n = lim sup
n→∞
1
2 · 4n
2·4n∑
k=0
xk = lim sup
n→∞
1
2 · 4n
n∑
k=0
4k =
2
3
and
Bx ≥ lim inf
n→∞
(Cx)n = lim inf
n→∞
1
4n − 1
4n−1∑
k=0
xk = lim inf
n→∞
1
4n − 1
n−1∑
k=0
4k =
1
3
.
This completes the proof.
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